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A NOTE ON DEGENERATE STIRLING POLYNOMIALS OF
THE SECOND KIND

TAEKYUN KIM

ABSTRACT. In this paper, we consider the degenerate Stirling polynomials
of the second kind which are derived from the generating function. In
addition, we give some new identities for these polynomials.

1. Introduction

For n € NU {0}, as is well known, the Stirling number of the first kind is
defined by

(2)o=1, @)p=2(xz-1)---(x—n+1)= 251(7171)55[7 (n=1). (L1)
Note that
Si(n+ 1, k)= Si(n,k— 1) = nSi(n, k), (1 <k<n), (see[6]). (1.2)

The Stirling number of the second kind is defined by

"= S(n,1)(x)i (n>0), (see[1,2,4]). (1.3)
=0

From (1.3), we note that

Sa(n+1,k) = kSa(n, k) + Sa(n, k — 1), (1.4)
where 1 < k < n, (see [2,3,4,5]). The generating functions for Si(n,k) and
Sa(n, k), (n,k > 0), are given by

T (log (1 +t) ;cSl n, k) (1.5)
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and
]_ oo
(e" — 1 Z (n, k (see [9]). (1.6)
Now, we define the difference operator A as follows:
Af(z) = fle+1) = fz), (see [3,7]). (L.7)
From (1.7), we have
A" fx) =Y ( > (~1)" % f(x+ k), (n e NU{0}). (1.8)
k=0
and
~Y <z> AFF(0),  (see [3,7]). (1.9)
k=0
From (1.8), we note that
i >
Ak = | S2(mk) - ifn 2k (1.10)
0 ifn<k.

The Bernoulli polynomials are defined by the generating function to be

t_ le””t = ZBTL(:&);—”', (see [1 — 10]). (1.11)
n=0 :

When z =0, B,, = B,,(0), (n > 0), are called the Bernoulli numbers.
The Euler polynomials are defined by the generating function as follows:

oo

et = ZEn(x);—T;, (see [1,2]). (1.12)

n=0

2
et +1

When z =0, E,, = E,(0) are Euler numbers. We observe that

ﬁz(et;m)li(@t;l)lwv

=0

i (-1)'2- 11'252 n, l (1.13)
=0

n=l

= i (zn:Sg(n,l)(—l)l2_ll!> ’i—:
1=0 ’
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By (1.12) and (1.13), we get
En=> Sa(n,)27'11(=1)", (n>0).
1=0

In [1], L. Carlitz consider the degenerate Bernoulli and Euler polynomials which
are given by the generating function to be

t - 0 tn
TragE o0 0T = 2 bl (114
n=0 '
and
2 PR "
muﬂtp = ng(ac)F (1.15)
n=0 .
Note that

lim 8, x(2) = Bp(z), lim &, a(z) = Ep(x), (n>0).
A—0 A—0

In this paper, in the viewpoint (1.14) and (1.15), we consider the degenerate
Stirling polynomials of the second kind which are derived from the generating
function. In addition, we give some new identities for these polynomials.

2. Degenerate Stirling polynomials of the second kind

Now, we define the Stirling polynomials of the second kind which are given
by the generating function to be

1 it k t
¢ (e —1)" = ng(n,m)a. (2.1)
n=~k
Note that
%ewt (et — 1)k = i'(et 1)ke”

. 1 mam
(Z et ) (2.2)

So(n, k|z) = (’;) So(l, k)", (n,k > 0). (2.3)
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When z = 0, we easily get Sa(n,k|0) = S2(n,k). Now, we consider the de-
generate Stirling polynomials which are defined by the generating function as

follows:

oo

1 .
E(1+At)x((1+xt)x -1)* ZS“ n k:|ac

Now, we observe that

sz X l
(1+ )% = Mal =3 (2) at
;(l) ;(A)l !
_ .- p ﬁ_ — [T\
—g( )z,xu _Z;(l)/\t’
where
@or=1, @xr=z(@—-A) (- (1-1X), (1 >1),
and

z\ () zxl@—=N)-(z—(1-1)N)
), u '
For n € N, let us define A-analogue of n! as follows:

Ma'=nn—=XN(n-2\) - (n—(n—1)\)

= (n)n,)\,
and
" (), (n)i
= _ R S < .
(k">)\ k’!(n — k)‘)n—k,)\ k' ) (n = k' = 0)

From (2.4), we have

%(1+At)§((1+,\t)% _1)k
1+At) Z() D1+ A0
gé() (~DF 1+ A
-y Z—é@u)k*(ﬁ“’)) "

n=

0
Therefore, by (2.4) and (2.10), we obtain the following theorem.

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)
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Theorem 2.1. Forn,k > 0, we have

n 0, ifn <k.

%:lz’“; <l;~>(_1)k_l(z +a;>A _ {Sgtk(n,ku), ifn>h

From (2.4), we have

l(1 FA)F((1+ A% —1)"

x>

_ ie§log(l+)\t) (e§1og(1+>\t) - l)k

k!
( > l)k—le’T“ log(14-At)

( ) 1)+~ lz <x+l> 1!(log(1+/\t))m

??'|H

?:|~
> FMa- IIM?r
o

1 k =3 — (@D &< o, AT (2.11)
=7 (l> 1) —m Z Si(n,m) o
=0 m= 0 n=m
oo k
:Zk'z<) klZ)\” msl(nm)(m-irl)m
n=0 =0 m=0
- = 1 k k—1 n—m t
:T;] mz::(k— ) ) e+ )™ >)\ Sl(n,m)}a
1=0 \m=0

Therefore, by (2.4) and (2.11), we obtain the following theorem.
Theorem 2.2. Forn,k > 0, we have

ifn <k.

m=0

- ifn >k
Z k'Ak 2N msl(n TYL){ (n,k|w), lfn =
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v (1.8), we easily get

AFgmtl = g ( ) D) ()R = g (l;)(*l)k_l(z—l—l)m(:b—l-l)
:LZ< ) (@ +1)™(-1)% l+§k:( ) (x+)™(-1)*!

ARy 4 klg (’;: 11) (& + D™ (— 1)k

zAF ™ +kg { <I;> - <k; 1) } (x4 )™ (—=1)*"

= aAFg™ 4 kzg { <I;> - (k ; 1) } (+ D™ (-1~

= zAFz™ + k(Akccm + Akilmm).

(2.12)

From (1.2) and (2.12), we have

n+1
1
SQ’)\(n+1’k|Q;) = Z k'Ak 2\t msl(n+1 m)
m=0
n+1

1
_ Z EAkl‘m)\n—O-l—mSl(n_|_ l,m)
m=1

n+1 1
= Z EAk;L'"L)\"'*'l*m(Sl(n,m —1) — nSi(n,m))
m=1
ol | (2.13)
= Z EAkwm/V”l*mSl(n,mf 1)
71 *

1
—nA Z yAkzz:m/\"_mSl(n,m)
m=0 "
n+1 1
= Z EAkacm)\"4'1_"151(n,m — 1) — nASz x(n, k|z).
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Now, we observe that

n+1 n 1
ZAFgmArl-mG (nom — 1) = ZAFgmTINTmG (n,m
k! k!

m=1 m=0

— Z %{{L’Akl”m +k‘(AkIL'7n +Ak71w7n)}/\nfmsl(n’,r”)
m=0 """

1 & 1. (2.14)
=Ty AR ™A ™S (0, m) + kﬁA]":L'm/\”_m’Sl (n,m)
P ;!
1 n
4 Z Ak—lxm/\n—msl (n7 m)
(k=1 =

= (.27 + ]{7)52,)\(7’1, k‘l’) + SQ,)\(n’k - 1|$)7 (]— S k S n)

Therefore, by (2.13) and (2.14), we obtain the following theorem.

Theorem 2.3. For1 <k <n, we have

Soa(n+1,klz) = (v + k)Sa x(n, k|z) + Sox(n, k — 1|x) — nAS2 x(n, k|z).

Note that
lim S5 (n + 1, k[z) = (v + k)Sa(n, klz) + S2(n, k — 1|2). (2.15)
Thus, by (2.15) we get
Sa(n + 1, klz) = (x + k)S2(n, k|z) + Sa(n, k — 1|z), (2.16)

where 1 < k < n. As is known, the higher-order Carlitz degenerate Euler
polynomials are defined by the generating function as follows:

2 " z oo " tn
(—(HW +1> A+a)F =Y EN @, (reN). (217)
’ n=0 :
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From (2.17), we note that

<ﬁ) (L2 =27 (1 +20% + 1) 7 (1 4+ 2%

. (%+ 1) (140

=y (T +§_ 1)2—1(—1)’((1 + % —1) (14w (2.18)
=0

-3 <7' +§ - 1) 2-l(—1) ZSQ‘A(”»”‘/L’):_Z
=0 n=l

_ Z (Z <7.+ i - 1>2_1(_1)l“527)\(n7l|;c)) :—::
n=0 \[=0 .

Therefore, by (2.17) and (2.18), we obtain the following theorem.

Theorem 2.4. Forn > 0, we have

r - T+ l -1 -
e =3 (e usaman,

=0
For r € N, the m~-Whitney numbers of the second kind W), ,-(n, k) are defined
by

n

(mx+r)" = Z MW (0, k) ()5, (see [8]). (2.19)
k=0

where n,r € NU {0} and m € N. The generating function of Whitney numbers
is given by

1
mkik!

oo

Tl m v tn

ertem™ — 1)k = Eka,,‘(n,k)H. (2.20)
n=~K

From (2.20), we note that

1 rt ¢ mt lk_ 1 .- /.ltl o Soli. ke TfLiti
mFkl (™ = 1) T omk Z,_' Z 2(6,k) il

(2.21)
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Thus, by (2.20) and (2.21), we get

n

Won,r(n, k) = CD““%xamm“F (2.22)
i=k

By (2.19), we easily get

(ma +r)" = Z ( <7Z’> 7-""—"%rn7152(«i,k)> @)k, (2.23)

k=0 \i=k
where n,r € NU {0} and m € N.
Note that Wi o(n, k) = Sa(n, k) and Wi .(n, k) = Sa(n, k|r). From (2.20), we
note that

rt( mt k 1 rt : k k—1_lm
mRk (" —1)" = mkl Z l (=)™
=0

1 < [k 1 <[k > tn
— _1)k=l (Im+r)t _ _1\k—l1 , Y
mPk! Z <l)( e mbk! ; <l>( 2 Z(MH— ") n!

1=0 n=0
oo k
_ 1 k k-1 Y7 "
_ngo<mkk|;<l>(—l) (Im+r) —
oo k
1 k "
—k k-1 n
=Zm"<ﬁzﬁyl)”+ﬁ>m
n=0 =0
oo
1 ' n t'rL
= Z m" kAP (L) —
k! m n!
n=0
(2.24)
Therefore, by (2.20) and (2.24), we obtain the following theorem.
Theorem 2.5. For m € N and n,k,7 € NU{0}, we have
n—k 1 . r n if .
W r('fL, k) = " kHAk (E) ’ tf = k7
' 0, ifn <k.
For 1 < k < n, by Theorem 5, we easily get
Winr(n+1,k) = (r + mk)Wy, »(n, k) + W, (0, k — 1). (2.25)

We consider the degenerate Whitney numbers which are defined by the gener-
ating function to be

oo

BENNTRIPYE (@+20% = 1) = W(n, HY)

mkk! n!’

. (2.26)

n==k
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where m € N, n,k,7 € NU {0}. Note that limy_,o Wy, »(n, k|A) = Wy, (0, k).
Now, we observe that

1
mkk!

k 3
= mik! > (';) (D) ML+ M) (1 + A5 (2.27)

S (EEOo )5

Therefore, by (2.26) and (2.27), we obtain the following theorem.

A+ A5 (1 + A% —1)F

Theorem 2.6. For m € N, and n,k,r € NU{0}, we have

N Z ( ) <ml +r>A(_1)k_, _ {(‘)’I,/m,r(n,kp\), z:fn >k,

ifn <k.

From (2.26), we note that

1 z m k 1 T log m 1o k
ey (L+A)5((L+A)™ —1)" = —mkk!e“ g(1+At) (3 log(14+At) _ 1)
- i(k)(l)’”el’"ﬁ”ogﬁﬂﬂ

2
k'm — l
k
1 k _ Im+r\’ 1
= (l>(_1)k 1 < 3 ) —'(log(l—l—)\t))
=0 7=0
k oo o
1 k _ lm_|_7- J )\ntn
S (S () Sy
=0 j=0 n=j (2.28)
= (N Jsl(n,j)Z(l>( Pl m 4y | 5
m n=0 7=0 1=0
1 s k k m
= n— k-1
= o | S S () C0a ) |
n=0 \j=0 1=0
p— n— k
_;,(;A ) e () ) ol

Therefore, by (1.4) and (2.28), we obtain the following theorem.
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Theorem 2.7. Forn € N, and n,k,r € NU {0}, we have

k'mk Zz\" 751 (n j)m7Ak ( L) I =

=0

Winr(n kX)), if n >k,
0, ifn < k.

For 1 < k <n, by Theorem 7, we get

n+1
Winr(n+1,k|A) = Tk ! ZAnH IS1(n+1,5)m! A* ( n)
1 n+1 j
= Tk Z)«H—l J{Sl(n j—1)—nS(n, ])}m]Ak (m>
L= ntl—j ; iak (T) = nA s » ik j
:WZ/\ ISi(n,j —L)ym’A (E) ~ T kZ’\ Sy (n, jymI A (m)
k'jnk le 781 (n,j — 1)ymIT1AF (7;)’“

n

nA J
A" 7 N
T klmk Z Si(n, jjm’ A (fb)

) . N
= Kimk § A8 (n, jymd AP (—’ )J = nAWo (1, k| X).
m m
=0

Now, we observe that

) =g (e (e R =S (e ) 0

=0 =0
: ; k
:;(]D( l)kfl(l E) H_H;(l;)( 1)k l(l+,,L)
=EM (%) +ki<’;:11>( 1y l(l+%)]
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P (TN (K hifr . TN e~ (k=1 o1l TN
=mh (E) +kl=0 <z>(*1)' (HE) +k;< l >(*1) (Hﬁ)

= LAk (i)j + kAP (%)J N (l)j :

m m m

(2.30)
From (2.29) and (2.30), we note that

R T N N A YA .
Winr(n+ 1, k|N) - ;m Si(n, jHIN"TTA (m) nAW (1, K|X)

m S 7 N \n—7j " m AV . : r\J . c— r\J
=W;'m-151(n,]))\ J{EA (r_n) + kAF (r_n) + kAR 1(r_n) }

— nAWo, (0, K| N)

m . m .
= 38y nr=iAm (7Y £ S s aniak (1Y
= = Zm 1(n,7) — + X" Zm 1(n, 4) -

klm = m klm = m

1 m ) . » _ N

T DT 2 Sim A A (=) = nAWanr K1)
) 3=0

=W r (0, E|X) + mEW,, (0, KIA) + Wi (0, k — 1) — nAW,, (0, K| N).
Therefore, we obtain the following theorem.
Theorem 2.8. For 1 < k <n, we have
Winr(n+ 1 E|A) = (r + mk) W, (0, KIN) + Wiy (0, k — LX) — nAW,, - (n, K| N).
Remark. From (2.5), we note that

1+ A)5 =1+ A)5(1+A0)F = (i <“§> At’) <i (7“2) At’”)

1=0 m=0

(S0

n=0 \m=0

By (2.31), we easily get

1+ A% =Y (”L + y> . (2.32)
A

n
n=0

Comparing the coefficients on the both sides of (2.31) and (2.32), we have

> () () = () oz

m=0
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